A Generalized S-Transform in
Linear Canonical Transform

by Mawardi Bahri Et Al

Submission date: 18-Jan-2023 11:29AM (UTC+0700)

Submission ID: 1994572673

File name: Bahri_2019_J._Phys.__Conf._Ser._1341_062005.pdf (524.66K)
Word count: 2774

Character count: 12037



Journal of Physics: Conference Series

PAPER - OPEN ACCESS You may also like
. H H H - The Study of Power Quality Analysis by S-
A Generalized S-Transform in Linear Canonical Mnglm
T f Jigjin Qi and Lin Lins
rans Orm - Fault diagnosis of rolling element bearing
based on S transform and gray level co-
o cite this article: Mawardi Bahri ef al 2019 J. Phys.: Conf. Ser. 1341 062005 Minghang Zhao, Baoping Tang and Qian
Tan
- Application of modified AQOGST to study
9 the low frequency shadow zone in a gas
lew the article online for updates and enhancements. gie,;;;'lram Aghdam and M Ali Riahi

ECS Toyota Young Investigator Fellowship #C$ TovoTA

For young professionals and scholars pursuing research in batteries,
fuel cells and hydrogen, and future sustainable technologies.

@ Application deadline: January 31, 2023 Learn more. Apply today!

This content was downloaded from IP address 180.2564.187.118 on 18/01/2023 at 04:28




The 3rd International Conference On Science IOP Publishing
Journal of Physics: Conference Series 1341(2019) 062005  doi:10.1088/1742-6596/1341/6/062005

A Generalized S-Transform in Linear Canonical
Transform

Mawardi Bahri®!, Syamsuddin Toaha’, Chrisandi Lande®
a.b Department of Mathematics, Hasanuddin University, Makassar 90245, Indonesia

E-mail: “mawardibahri@gmnail.com ,hsyamsuddint @yahoo.com
© Politeknik Ilmu Pelayaran Malassar, Makassar 90165, Indonesia

E-mail: “sandhylande@gmail.com

Abstract. The linear canonical S-transform is a generalization of the classical S-transform
using linear canonical transform. In the present work, we propose the definition of the linear
canonical S-transform and investigate important its properties.

1. Introduction

Recently many works have concentrated on constructing various types of transformations using
the linear canonical transform. In [1, 2], the authors have proposed the windowed linear
canonical transform which is an extension of the classical windowed Fourier transform using the
linear canonical transform. Some basic properties of gerfalized transform were investigated
in detail. Papers [3, 4, 6, 7, &, 9] have studied the Wigner-Ville distribution associated
with the linear canonical transform and the offset linear canonical transform. Several important
properties of these extended transformations were also demonstrated. In [10], the authors shortly
introduced S-transform associated with the discrete version of the linear canonical transform and
its application to signal analysis. Our purpose of this work is to extend the S-transform to the
linear canonical transform, which we shall call the linear canonical S-transform (LCST). We
build its important properties, which are modifications of of the properties of the traditional
S-transform.

Definition 1.1. (f11, 12, 13, 14]) Given any function h € L*(R). Let N = r; z e R>2 be
a malric parameter such that det(N) = mg — np = 1. The linear canonical transform of [ is
defined by

L {h} (@) = ffzclh.(:r:)h".\r(w,:;.‘.) dr,n #0

> 1
ﬂe‘lﬁqwzh.(gw), n =10, (1)

where K (x,w) is so-called kernel of the LCT given by

irm.2 2...:19.,2 ®
I‘\"\r (.’]’f,h)) = 82{ n x NJUH_NUJ 2]_

2mn
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Here it should be noticed that the LCT kernel mentioned above has the following important
property
e

; .2 =
e Twt W —j}.

B 1
Kya(wx)= Ky(z,w) =
N1 ) N ( ) m
The above definition gives us information that for n = 0 the LCT of a signal is essentially a
chirp multiplication. Therefore, in this paper we always assume n # 0.
It is known that given Ly{h} we can obtain h by the inverse formula of the LCT given by

LMLn{h}(x) = h(z) = j;x. Ly{h}(w) K3t (w, z) dw

= f Ly{h}() zlme—%%1'2—%w+%w”—-'—2]m. (2)

2. Definition of Linear Canonical S-Transform
Like the Fourier and wavelet transforms, the S-transform is a time-frequency localization
technique, which was first proposed by Stockwell et al. [15]. In [16], the author investigated the
concept of the S-transform in distribution space. In the following we extend the S-transform
to the linear canonical transform called the linear canonical S-transform (LCST). We first
investigate some consequences of the LCST definition.

Definition 2.1 (LCST Definition). Let ¢ € L*(R) be a non-zero window function. Denote by
83, the LCST on [2(R). The LCST of h € L*(R) with respect to ¢ is defined as

S;}"h..(u,w} = f hix)p(u — x,w) Ky(z, w) de
1 i _— — im_2_2_ L

= —%/_mh{:ﬁ)qﬁ[u —z,wez S -REwt i’ =) g (3)

0 1

It is straightforward to check that when N = {_1 0

], the LCST reduces to S-transform

given by

e
V2T /;x

We summarize the following consequences of the above definition.

Sghl(u,w) = h(z)o(u — x,w) e " du. (4)

e [t is easy to see that
SNh(u,w) = L‘\:{h(:}: Yo(u -z, w)}(w, u), (5)
o Using the inverse LCT to (3) we get

h(z)p(u — x,w) = L3{S) h(u,w)}

o ; 1 igm_2_ 2 e
= / SN h(u,w) mzz_E{T‘z_sz‘“”'%“’z_ ) duw. (6)
e If ¢ € LY(R) N L?(R) satisfying
/ . o(u—x,w)du =1. (7)
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Then for every h € L*(R)

f S;fh-('“"w) du —/ / 1) (u — 2. w) Kn(z,w) du de

1 iymo2 2.3 =
(T Zawt+du?—F) g0 a0
T, W ez n n ) dudr
/ / }\2211'?1

- /_xh_(g_)%g 5 (et aw “)[_Zmdu dx
= Ly{h}(w). (8)
o If ¢p(u — z,w) = m(w), then
S h(u,w) = fx (2)p(u — r,w) Ky (r,w) da
m(w) f Zmé,;{m 2 Zaupdu?oT) g
m(w)Ly{h}(w). (9)

3. Basic Properties of Linear Canonical S-Transform

The following results describe several useful properties of the linear canonical S-transform, which
have not been established in [10]. As in the case of the windowed linear canonical transform, we
obtain that most properties of the classical S-transform can be established in the linear canonical
S-transform domain with some modifications. However, it is found that the properties of the
LSCT like shift and modulation differ from the corresponding properties of the windowed linear
canonical transform (compare to [1, 2]).

Theorem 3.1. Let ¢ € L*(R) be a complex window function. The linear canonical S-transform
of h,g € L*(R) is a linear operator, which means that

S (ah+ Bg)l(u,w) = a8} h(u,w) + 8S} g(u,w). (10)
for arbitrary constants «« and 3.
Proof. 1t is straightforward to verify. (]
Theorem 3.2. If ¢ € L*(R) is a compler window function, then we have

SPAPhY (u,w) = SYh(—u, —w), (11)
where Po(x) = ¢(—x).
Proof. A direct calculation gives for every h € L%(R)
Sps{Ph}(u,w)
o 2

:[ .h..(—:;.‘.}@'(—(u—:r.}.—w} \/Z?T_‘n,ti{,: a?—Jawtiwi=3) dp

o —_— 1 igmyp_ 2 A 2w
=[ hM=z)p(—u— (—x), —w) \/ﬁei{?(—nz_ﬁ{_i){—mw%‘—“’)z—?] d, (12)

s’}

which the theorem follows. A
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Theorem 3.3. Let ¢ € L*(R) be a compler window function. Then the following property is
satisfied

S&V(Twn h)(u,w) = e%%"ﬁe_igSfﬁ(u — x,W), (13)

jmizg

where f?(r‘) =e'"n h (1) and Ty, h(x) = h{xz — xq).

Proof. By taking into account of (3), we get

. e 1 igm 22 "
Sq} (Lo ) (1, w) =f hix — xo)p(u —x),w) ez(Ra—Rewtiw®=3) gy (14)
o V2mn
Using the change of variables t = x — x yields
S (Tuph) (u,w)
J IR ey e e
= LLT w— T xrp), L — T p L
e : \f2ﬂ'n
> YT N imﬁ -(Lmt ) -[_me) [lm. 2} :‘(_,ﬂ_’-uﬁ) -[li z) _m
= h(t)g((u — xg) — t, w) ———¢ (336%) il 3 50 two) i( =35 ) i3 ad) T 7270 ) il3 e%) =15 gy
—oC
im_9 iz 4 mt r[] - ifmg2 z 4.2 =
=eZntle T / h(t) o((w— xp) — t,w) z( Pt —3) g, (15)
—0oC \"
This completes the proof of theorem. (|

Theorem 3.4. For any function h € L*(R) and compler window function ¢ € L*(R), we have

S (Muoh) (u,w) = (i iy “'”'“’5[ Ma)o((u— x),w) Ky(w — won, ) dr, (16)

where M hx) = e *h(z).

Proof. In view of (3) a direct calculation shows that

SN (Mugh) (u,w)

i g2 2o, g, 2_m
pz{ n"uH_nw 2} ﬂ:j}_‘.

e“Yh(z)((u — x),w)

N m

= h ()o((u — 2),w) P;{m‘z_ﬁ‘“‘”'i“’q)“’“‘__} dr
oo
oo _— ijm z 2 q.,,2_m
h(z)o((u — x),w) e’z{ z—pr(w—wonht = 3) gy

7 g

Il
T‘“--,T“HT‘*%T“%T“%

hiz)o((u — x),w) ’_211'7'1 e (Re?—fw(w—son)+i(w-wonttwon)’~F) g

oo

_ o h_.(;}_‘.}ﬁ((u —2).@) i(m 2 — 2 p(w— uJ[m}+J-({w wort)i— F4+2(w— uJ[m.}w[Jn+Wn”'z)) dx
ES \/2?rn

— eid‘.uw[] —r—qnw[]/ )m i mil _1{.41 uJ(]n.}+J.{.,.J wyn) ——) dx

— gl p—i% s [ hiz)o((u —z), w) Ky(w — wyn, z) de,

which completes the proof. (]
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Theorem 3.5. Let h € L*(R) be a complex function. If ¢ is a real window function, then
S h(u,w) = S” hu,w). (17)

Proof. 1t follows from (3) that

Sq"l.}"fl.(u.‘ w) = f h(z)o((u — x),w) \lﬁe’z{&' P Raw e’ —5) gy

e 2mn

o~ e ——— 1 _ifm_ 2 2 _;_

= hz)o(u — z),w s (et —Jawt e =3) gy
f_x (et =) ) o

M-y,

= qu h(w,w).

The proof is complete. (|

4. Fundamental Properties of Linear Canonical S-Transform

We are going to investigate fundamental properties of the LCST. We first develop the
orthogonality relation associated with the LCST. Applying this property we then derive its
reconstruction formula, which tells us that it is possible to restore the original signal h perfectly
using the inverse LCST.

Theorem 4.1 (Orthogonality relation). Let ¢ be a complex window function. If h,g € L*(R)
are two complex functions arbitrary, then we have

/ / Sg"h.(u.‘ w) Si.f"g(u., w)dwdu = (h/ |¢;(-u., w) |2 du,g) . (18)

In particular, for h = g we obtain

fx_ /x_ |85 h(w, w)[* dw du = || h]|F2g, fx_ |6(u, )| du. (19)
Proof. By the LCST definition (3), we have
(8Xh,8Yg) = f / S¥h(u w}mdufm

f [ f ;}Q U= "‘)} \/—ns’_i{m‘z—liw+4—w ——}

ifmgr 2 q.,2
g(x)p(u— t,w) RSt =3 dt de du dw
\/'ZTI'TI

-— 1 i3 T
/ / [ "’)é(“—-‘*‘-\w}me—mu*—m

P / g(x)p(u— t,w) mt T G d du dew

o [ [ [ o

=f r}f olu—t,w)d(u —t,w)g(t) dudt

3 5 (= (), glx)p(u—t,w)d(t — x)dt dedu

=fx h_.(x}ﬁdtf (u —t,w)p(u — t,w) du

— 0o
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= fx h_.(n)ﬁn)dtfx |6(u, w)|* du

= (h../ |¢:(-u.,w)|2d-u.,g), (20)
which completes the proof. (]

In the next theorem, let us derive reconstruction formula associated with the linear canonical
S-transform.

Theorem 4.2 (Reconstruction formula ). Let ¢ € LZ(JR) be a complexr window functions such
that ¢ satisfies the condition

/ |o(u, w)Pdu = Ky, 0< Ky < o0 (21)

Then, every signal h € L*(R) can be recovered using the so-called reconstruction formula, that
18,

ifm.2 2

1 o b g P 2_m
hiz) = m /_1 f_x Sq: hu, w)o(u — x,w)e 24" —fawtde®=3) 0 du (22)

Proof. An application of (18) yields

(h..f |o(u, .'.u)|2 du, g)

=/ f Sg"h(u‘w)sgg(u,w) dudw

2

pe e o 1 RIS S
= S h(u, w) / g(x)o(u— z,w) em s TR =5 de dudw
oo J —o0 —oo V2mn

oo 0a o . 1 igm.2_ 2.4, 2 my—r
= S‘}\'h.(-:,z.,w}qﬁ(u —x,w) ezl T TR _?}g(:r.) du dw dr
\/—Dc, »/—oc, \f—:x, ? V2?T?’1
mo2 2

R : 1 i e B 2w
= / / Sq} h{w, w)p(u — :J.Y.w)—e_f{?‘ aowt et —3) dudw, g |. (23)
—oo J—o0 Va2mn

Because equation (23) is valid for every g € L*(R) we get

h..(:r.}] |¢5[u,w)|2 du :/ / Sq‘:.‘-,\"h.[':,z.,w}qb['u.— z, W) e 3 (et Jaws fwt=3) (24)
—0o —00 J —00 2mn
Hence,
h(z) ! /x fx SNh(u,w)(u — ,w) L 4B towt fur-g) (25)
(x) = — o (e, U — T, e TimE TR . 5
Ko J ol oo © V2mn
Therefore, the proof is complete. (|
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